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^ Abstract 

Tjj- ' Solutions to the four-dimensional Euclidean Weyl equation in the back- 

ed ■ ground of a general JNR A-instanton are known to be normalisable and 

regular throughout four-space. We show that these solutions are asymp- 
^f) I totically given by a linear combination of simple singular solutions to the 

■ free Weyl equation, which can be interpreted as localised spinors. The 

'spinorial' data parameterising the asymptotics of the delocalised solutions 
to the Weyl equation in the presence of the instanton almost determines 
the background instanton, yet not completely. However, it captures the 



. geometry and symmetry of the underlying instanton configuration. 

> 
• 1—1 

u 1 Introduction 

It is a well-known fact that in the case of massless particles the Weyl equation, 
instead of the Dirac equation, provides an adequate description of particles with 
negative helicity, ignoring positive helicity particles, or conversely. For negative 
helicity particles one finds that in two-dimensional Euclidean space-time the Weyl 
equation corresponds to the Cauchy-Riemann equations. Thus the class of solu- 
tions is given by the holomorphic functions. To interpret the solutions as localised 
classical particles, they must approach zero at infinity. If one also insists on their 
analyticity in the whole of Euclidean two-space, the only possible solutions are 
the constants (Liouville's theorem). Hence, any interesting solutions, that tend 
to zero at infinity, must exhibit a singularity. In the simplest case these solutions 
are therefore just given hj f{z) = a/{z — b), characterised by two complex con- 
stants, the residue a of the function and the position parameter b. However, the 
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2. Euclidean Yang-Mills configurations 



singularity makes the interpretation of these solutions as well-behaved particles 
again difficult. 

In Euclidean four-space we find a similar situation. Here the Weyl equation 
for right-handed particles corresponds to the so-called Cauchy-Riemann-Fueter 
equation, the quaternionic analogue of the Cauchy-Riemann equations. Just as 
holomorphic functions satisfy the latter, quaternionic regular functions satisfy the 
former. This definition of regular for quaternionic functions is the basis of quater- 
nionic analysis, which provides us with quaternionic analogues of e.g. Cauchy's 
theorem, Cauchy's integral formula and the Laurent expansion p. Since the 
proof of Liouville's theorem depends only on Cauchy's integral formula, there ex- 
ists also the quaternionic analogue of this theorem. Hence, again any interesting 
regular function, that approaches zero at infinity, has to be singular in at least 
one point and thus, cannot easily be interpreted as a classical particle. 

However, if one considers the Weyl equation in the background of an instanton, 
i.e. a topologically non-trivial solution to the four- dimensional Euclidean Yang- 
Mills equation, one finds that the instanton 'washes out' the singularity, leaving 
as a solution an everywhere nicely behaved particle. By that we mean that the 
asymptotic behaviour of the solution to the free Weyl equation and the solution 
in the instanton background can be shown to agree to appropriate order, i.e. 
up to and including terms of 0{r~'^). Since the solution to the free equation 
and the 'instanton solution' are topologically inequivalent, a comparison of the 
two solutions depends on a careful choice of gauge. It can be seen from the 
quaternionic Laurent series, that the ffist term of the expansion, which is of 
order 0{r~^), is similar to the familiar dipole term in three space dimensions, 
whereas the second is the analogue of a quadrupole term. The dipole term is thus 
characterised by one quaternionic constant, which is the quaternionic analogue of 
a residue. In contrast the quadrupole term is characterised by three quaternionic 
constants, the interpretation of which is less clear. However, they can be shown 
to reflect the symmetry of the underlying instanton configuration. 

In the next section we will briefly explain the concept of an instanton [2], 
followed by the description of a special class of instantons, the so called Jackiw- 
Nohl-Rebbi (JNR) instantons We then go on to describe the solutions to the 
four-dimensional Euclidean Dirac equation in the background field of an arbitrary 
JNR instanton, as investigated by Grossman Before we start describing our 
own results we will then briefly introduce the theorems of quaternionic analysis 
[l], that are most important for us. 

2 Euclidean Yang-Mills configurations 

In four-dimensional Euclidean space-time the Yang-Mills field equations possess 
localised solutions having a finite Euclidean action. These solutions are referred 
to as instantons. Topologically distinct from the trivial absolute minimum of 
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the action functional, instantons do not have a vanishing field strength G^y. 
However, G^j.^ has to vanish on the boundary of Euclidean four-space, S"^, which 
implies that the corresponding fields tend asymptotically to a pure gauge, 
thus defining a mapping from the surface at infinity into the group space of the 
gauge group. Instantons are therefore characterised by a topological invariant N, 
the so-called Pontryagin index, which takes integer values. 

In the case of an SU(2) non-Abelian gauge theory this index is essentially 
the 'winding number' of 8%^ into the group space of SU(2) = S^. Therefore 
it is equal to the homotopy index, which characterises the discrete infinity of 
homotopy classes of the mapping S^. Within each class A^, the action is 

bounded from below by a constant multiple of |A^| and the absolute minimum 
value is in each class attained when the field strength satisfies G^^ = ± * G^^, 
where *G^y is the dual field tensor given by *G^y = ^e^upaGp^. 

Strictly speaking, the notion instanton only refers to self-dual solutions of 
the Yang-Mills equation whereas anti-self-dual solutions are referred to as anti- 
instantons. The fundamental difference between instantons and anti-instantons 
is given by the sign of the Pontryagin index, which is positive for instantons 
but negative for anti-instantons. For definiteness we will in the following only 
consider instantons though most results will be applicable to anti-instantons as 
well. 

3 JNR instantons 

The general A^-instanton solution has been constructed implicitly by Atiyah et 
al. in 1978 [HI for an arbitrary compact classical group. In the case of SU(2) as 
the gauge group, 8A^ — 3 parameters characterise the solutions. A subset of these 
solutions can be constructed explicitly. These special instantons exhibit only 
5A^ + 4 parameters and were investigated by Jackiw, Nohl and Rebbi already in 
1977 inj. However, in the case of an A^ = 2 instanton this JNR solution to the 
self-duality equation is the most general one since an A^ = 2 instanton is fully 
described by 13 physical parameters. The fourteenth parameter occurring in the 
JNR formula corresponds to a gauge transformation. An even more restrictive 
case is the one of a 't Hooft instanton [Hj which is characterised by 5A^ parameters, 
thus giving the most general A^ = 1 instanton. The A^ = 1 't Hooft instanton is 
related to the JNR A^ = 1 instanton via a gauge transformation jTj. 

We begin by briefiy summarising the construction of the JNR A^-instanton 
solution as described in |2] . To simplify notation we will consider a matrix 
representation of the three vector fields A^, a = 1,2,3, taking values in the Lie 
Algebra of SU(2) 



A 




(3.1) 
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Here cTq are the familiar Pauli matrices, the three generators of the group SU(2). 
The field strength is given by 

G^. = d^A, - d,A^ + [A^, A,]. (3.2) 

It is useful to define the following matrices 

tto = I2, «j = «o = I2, tti = (3.3) 

and 



c^tiu = TT {a^a^ - a^a^) . (3.4) 



1 

4i 

Notice that a^,^ is both antisymmetric and anti-self-dual in its indices. In order 
to solve the self-duality equation for the field strength G^y 



G^u = *G^i, (3.5) 

one makes an ansatz of the form 

A^ = icT^vai, with = d^lup (3.6) 

where p(x) is a scalar potential to be obtained, which must satisfy Ap(x) = 0. 
Here A is the four-dimensional Euclidean Laplace operator. Notice that the anti- 
self-dual symbols a^i, in the fields A^ lead to a self-dual field strength. One finds 
for p(x)^ 

Af+i ^2 

This solution when inserted in Eqn. ()3.6|) will yield the A^-instanton solution with 
homotopy index A^. Note that although p has a singularity at each point X(fc), 
the instanton field has no singularity. 

It is important to note that the scalar potential p depends on + 1 position 
parameters X(fc). Thus there is no simple relation between these parameters and 
the positions of the instantons. In contrast, a 't Hooft instanton has a potential 
depending on A^ position parameters indeed corresponding to the positions of the 
instantons. The other A^ JNR parameters — a common rescaling of the A(fc)'s does 
not affect the fields A^ — the weights, correspond to the size of the instantons. 

As shown by Jackiw, Nohl and Rebbi |3j the ansatz in Eqn. ()3.6p completely 
fixes the gauge, as long as the A^ points X(fc) do not lie on a circle (or on a 
straight line, which is a circle through the point at infinity). However, three 
points always lie on a circle and hence in the case of an A^ = 2 instanton one of 
the 14 parameters corresponds to a gauge transformation which moves the X(fc) 
around the circle. 



't Hooft's solution takes the form /9(x) = 1 + X^fcLi 



(X-X(fc))^ 
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4 Solutions to the massless Dirac equation in an 
A^-instanton background 

Solutions to the massless Dirac equation in the background of an A^-instanton 
have been explicitly constructed by Grossman with the gauge group being 
SU(2). Later on Corrigan et al. |8j and independently Osborn |9| derived these 
solutions for an SU(?7.) or Sp(/c) gauge group, respectively. However the lat- 
ter solutions are only implicitly known. In the following we will briefly explain 
Grossman's construction of which we shall make extensive use in due course^. 



The zero-modes of the massless Dirac equation can be chosen to be chiral 
eigenfunctions of 75. According to Grossman it is possible to construct A^ zero- 
energy modes of negative helicity, when the field strength is chosen to be self- 
duaP. A version of the Atiyah-Singer index theorem for isospinor fermion fields 
asserts that there are no solutions of positive helicity, since the difference be- 
tween negative and positive helicity solutions must equal in absolute value the 
Pontryagin index A^. 

The covariant massless Dirac equation in the background of an SU(2) vector 
potential = A'^{(ra/2i) is given by 

{d^ + A,)'y^^ = 0. (4.1) 

We will choose a representation of the 7 matrices in which the equations for 
positive and negative helicity fields decouple, i.e. a representation in which 75 = 
7o7i7273 is diagonal. This is given by 

f -ia,\ [ -I2 



Setting ip = ^^^^ snch. that ipR and ipi are 2x2 matrices in spin and isospin 
we get decoupled equations for the right-handed and left-handed spinor: 

{d^ + A^)a^ijR = (4.3) 
{d^ + A^)a^^L = 0. (4.4) 

It will be convenient to slightly rewrite Eqn. ()4.3p . We have, preserving all indices 
for the moment, 

{dt,5ij + {A^)ij) {a^)f3^ip^j = 0. (4.5) 



^For later convenience we will, however, use a slightly different notation. 

•^Grossman's actual derivation holds for positive helicity particles. However, as pointed out 
by Grossman himself, the analysis will likewise lead to N negative helicity solutions when 
considering self-dual fields G^jy, rather than anti-self-dual fields. 
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Using the fact that = ea^t, where e is the usual totally antisymmetric tensor 
with ei2 = 1, and redefining the field ip'^ = V'Re, such that t/^^ is a 2 x 2 matrix 
in isospin and spin, with components ip'j^ (here j = 1, 2 is the isotopic index and 
a = 1, 2 is the Lorentz index), Eqn. ()4.5p becomes 

{d^6,, + (A^),,) ^;-^(a^)/37 = 0, (4.6) 

or in index-free notation 

(d^ + A^)^'j,a^ = 0. (4.7) 

Note that all products occurring in Eqn. (|4.7|) are now to be interpreted as matrix 
products. Defining 

^ik)^ k = l,...,N + l (4.8) 

(X - X(fc))2 

and 

Ml'^ = p'/% , (4.9) 

with p given by Eqn. ()3.7|) . one finds + 1 solutions of the form 

= M^^^a,. (4.10) 

However, since 

N+l 

^Mf = (4.11) 

k=l 

there are only linearly independent solutions. 

In the following we will briefly describe some major results of the theory of 
quaternionic regular functions, as they characterise the class of solutions to the 
four- dimensional Euclidean Dirac equation. In our description we shall follow the 
lines of Sudbery's work [1 , which gives a self-contained and rigorous account of 
the theory of quaternionic analysis. 



5 Quaternionic analysis 

The theory of quaternionic analysis was developed by Fueter and his collabora- 
tors in the years following 1935, when Fueter proposed the deflnition of regular 
for quaternionic functions |10| . By means of an analogue of the Cauchy-Riemann 
equations this led to a theory of regular functions similar to the theory of holo- 
morphic functions. 

A generic quaternion can be written as 

q = Ixq + ixi + jx2 + kxs with x^eH, /i = 0,...,3, (5.1) 
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where 1, i, j and k shall denote the elements of the standard basis for R'^. One 
defines the quaternionic product on as the R-bilinear product 

R^xR^^R^ (gi,g2)^gig2 (5.2) 

with unit element 1, such that 

f=f = k'' = -l (5.3) 



ij = k = —ji, jk = i = —kj, ki = j = —ik. (5.4) 

Here we will identify the subfield spanned by 1 with R. Notice that the quater- 
nionic product is not commutative. The linear space R^ with the quaternionic 
product defines the real associative algebra H of the quaternions (see, for exam- 
pie, HH). 

We will sometimes use e,, i = 1,2,3, to denote the basic quaternions i, j and 
k. Then Eqn. ()5.1|) becomes 

q = Xo + CiXi, (5.5) 

or setting cq = 1 

q = e^Xf,, (5.6) 

where summation over repeated indices is implied. 

Identifying the subfield spanned by 1 and k with the complex field C we will 
sometimes write 

q = y + jz (5.7) 

where y = xo + kx^ and z = X2 + kxi. The conjugate of g, denoted by g, is given 
by 

q = Xq — ixi — jx2 — kx3 (5.8) 

and the modulus by 



We have 



qq= Jxl + xl + xl + xl G R. (5.9) 



9i'?2 = '?2gi and (5.10) 
= ^- (5.11) 



The following definition of a regular function is the most convenient for our 
purposes (Sudbery gives a different definition, but shows that it is equivalent to 
this). 
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Definitionl (the Cauchy-Riemann-Fueter equations) 

A real-differentiable, quaternion-valued function / : — > H is right-regular at 
q if and only if 

Of df df df , , , 

OXo OXi 0x2 OXs 
It is left-regular at q if and only if 

df df df Bf ^ ^ 

OXq 0X1 0X2 OXs 

The analysis of regular quaternionic functions is comparable to that of holo- 
morphic functions, since the quaternionic analogues of Cauchy's theorem, Cauchy's 
integral theorem and the Laurent series exist for regular functions. As many of 
the standard theorems of complex analysis depend only on Cauchy's theorem, 
they also hold for quaternionic regular functions. An example of this is Liou- 
ville's theorem. Hence, a quaternionic function, which is regular in the whole of 

and that tends to zero as |g| — > 00 must necessarily reduce to a constant. 

We will in the following consider only right-regular functions which we shall 
call simply regular"^. 

We may introduce the following notation for the differential operators 

a/ = Ifl^ + I^e.) (5.14) 



2 \dxo dx. 

drS = \{^-l^eA (5.15) 



2 \dxQ dxi 
= (5.16) 



2 \dxQ dxi 
a.f = U^-e.^]. (5.17) 



2 \dxQ dxi 
Notice that 9^, 9r, di and di all commute and that we have 

/\ = Adrdr = ^didi. (5.18) 

Thus, a function / is regular if and only if 9^/ = 0. 

As shown by Sudbery all regular functions are necessarily infinitely differen- 
tiable. It follows then from the above theorem, together with Eqn. ()5.18|) . that 
all regular functions are harmonic. 

Setting q = y + jz, as in Eqn. (j5.7|) . and f = h + gj, where g and h are 
complex-valued functions, we find that Eqn. (j5.12|) is equivalent to the pair of 
complex equations 

- d^g + dyh = 

dyg + d,h = 0. (5.19) 

^Sudbery chooses to develop the theory of quaternionic analysis for left-regular functions. 
However, his results are easily rewritten for right-regular functions. 
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In the absence of a background field these complex equations correspond to 
Eqn. (|4.7p . which is the Weyl equation for right-handed spinors. Note that 
it is permitted to multiply / with an arbitrary constant from the left. Thus 
~j/ = 9 ~hj will be a solution to Eqn. ()5.12|) . too. 

For our purposes the last section of Sudbery's paper, which addresses the 
theory of regular power series, is especially important. Sudbery introduces the 
following differential operator 

Qn gn 

Q = = 1 (5 20) 

This calls for some explanation, u is an unordered set of n integers {ii, . . . 
with 1 < ir < 3. The number of I's in u is given by rii, the number of 2's by 
77.2 and the number of 3's by 77,3 such that rii + n2 + = n. Hence there are 
^{n + l){n + 2) such sets z/ and we will denote the collection of these sets as 
They are to be used as labels. If n = 0, i.e. u = 0, we use the suffix instead of 
0. 

We will furthermore need the following two functions: 

G,{q) = d,G{q) with Go{q) = G{q) = ^ (5.21) 



and 



Pu{q) = ^y^^ixod^ - Xi^) .. .{xoei„ - Xi J with Po('?) = 1 (5.22) 

where the sum is over all n!/(ni!n2!n3!) different orderings of rii I's, n2 2's and 
7x3 3's. Note that the P„ are both right- and left-regular. We have 

^ f P^{q)DqGM) = V (5.23) 

o s 

and, since the Pp are also left-regular, we have as well 

/ G,{q)I^PM) = V- (5-24) 

Here S is any three-sphere surrounding the origin and the measure Dq is the 
quaternion valued three form 

Dq = dxi A dx2 A dx^ — eijk Cj dxo A dxj A dxk- (5.25) 

Sudbery then proves the following theorem: 

Theorem 1 (the Laurent series) 

Suppose f is regular in an open set U except possibly at go ^ U. Then there is a 
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neighbourhood N of Qq such that if q E N and q ^ qo, f{q) can be represented by 
a series 

oo 

n=0 u GSn 

which converges uniformly in any hollow ball 

{q : r < |g — go| < -R}, with r > 0, which lies inside N. 
The coefficients a^, and by are given by 

(^u = ^ I f{q)DqGy{q - go) (5.27) 

Jc 

bu = 7^ [ f{q)DqPy{q-q,), (5.28) 

Jc 

where C is any closed 3-chain in U — {go} which is homologous to dB for some 
ball B with qo E B G U (so that C has wrapping number 1 about qo).^ 



6 The Dirac Equation in a quaternionic nota- 
tion 

As remarked in the previous section, the Weyl equation for right-handed spinors 
in the absence of an external field^ 

d^ij'a^ = (6.1) 

corresponds to the complex version of the Cauchy-Riemann-Fueter equation, 
when using the complex variables y = Xq + ix^, z = X2 + ixi 

-d,lP[+dy^'^ = 

Here (^/'i,'?/'2) complex components of if)'. 

The correspondence of the Cauchy-Riemann-Fueter equation to the free Weyl 
equation can be seen more directly. Since the group of quaternions with absolute 
value 1, namely the symplectic group Sp(l), is isomorphic to and thus to SU(2) 
we can rewrite Eqn. ()6.H) identifying —iai with the quaternionic i, —ia2 with j 
and —icy^ with k. This yields directly the Cauchy-Riemann-Fueter equation, 
Eqn. (|5.12p . in terms of quaternionic variables 

(9o + d^lr + d23r + d^kr)% = 0. (6.2) 

^For the exact definition of the wrapping number see 
^We will drop the subscript R from now on. 



10 



6. The Dirac Equation in a quaternionic notation 



11 



Here the subscript r shall denote action from the right. Note that ip'g is a single 
quaternionic function. It is readily seen that ip'q is in terms of the complex 
functions ip'-^ and ip2 given by 

< = ^iJ + V'2- (6.3) 



We now turn to the discussion of the Dirac equation in the background field 
of an SU(2) vector potential given by = —^A^^aa- The Weyl equation for 
negative helicity particles is given by Eqn. ()4.7|) 



0, 



(6.4) 



where ip' is now a 2 x 2 matrix in isospin and spin. Here, again, we can use the 
isomorphism Sp(l) = SU(2) to rewrite Eqn. ()6.4|) . Applying this to both the 
Lorentz group and the gauge group will not be possible in general, since it would 
result in combining the four complex components of ip' into a single quaternionic 
function. Thus it would lead to a reduction of the four complex parameters to two 
complex parameters. However, for our purpose it will be convenient to impose 
the following SU(2) gauge invariant conditions on the four complex components 
of ip' , which will allow us to rewrite Eqn. (j6.4j) in a purely quaternionic notation: 





^12 ^ 




V 


^22 J 





^11 ^12 
, -^12 ^11 

Note that these conditions can be viewed as a Majorana condition. If we set 

i^i2 



(6.5) 



M 



-1pl2 
V ^11 / 



(6.6) 



we find 

^M = ^M With <il2, = C%. (6.7) 

Here C is the charge conjugation operator given by C = 7072 and \1/ = \E'^7o is 
the usual Dirac conjugate spinor. 

Setting = ^eaA"^ we find for Eqn. (Q 



{d, + A^^p'^e, = 0, 
where ip^ is now a single quaternionic object, given by 

Ipq = ^11 - 'ipuj = ^22 + j. 

For the gauge transformation of ip'^ and Aj^ we have 

Al ^ qAlq-^-{d^q)q-\ 



(6.8) 

(6.9) 

(6.10) 
(6.11) 
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with q a unit quaternion, i.e. |g| = 1. 

As the simplest singular solution to the (complex) Eqn. ()6.4|) in the absence 
of a background field we find 

lb' = ^ ( ^y^^^ az-by \ 
{yy + zzf \ -az + by ay + bz J ' 

where we have already imposed the conditions Eqn. ()(j.5j) on the four complex 
components of ip'. If we write a = cq + ic^, b = C2 + ici, where we assume to 
be the components of some real vector c, we may write instead 

, (c.Q:)(x.a) 

i^' = ^ ;1 (6.13) 

with r = the distance from the origin. 

In quaternionic notation we have (identifying as usual the quaternionic k with 
the complex i) 

= {yylzzY ^'' + ^'^^^^ ~ ^^-^^^ 
Setting q = y + jz as in Eqn. ()5.7|) and defining Cq = a + jb we have 

i^'g = Cg-^ = Cgj-^ = CgG{q), (6.15) 

with G{q) as defined in Eqn. 1)5.211) . Note that this is the general 'dipole' term 
of the quaternionic Laurent expansion, Eqn. ()5.26|1 . Thus, ipg is regular except 
at the origin. 

As we shall show in the following, the solutions to Eqn. ()6.4j) in the presence 
of a JNR instanton can be written up to quadrupole order, i.e. up to and 
including terms of (9(r~^), as a linear combination of shifted dipoles. However, 
this depends on a careful choice of gauge, as will be shown below. 

7 1/r expansion of Grossman's solution 

In the case of a JNR A^ instanton as the background field there exist A^ + 1 
(linearly dependent) solutions to the Weyl equation for right-handed spinors, 
which are given by Eqns. ()4.8)1 - ()4.1()j) 

^[^) = Mf^ap, k = l,...,N + l. 

Calculating these explicitly, we find for M^^^ 
_2\2 

= jr-^ (7.1) 

' p^/^nf=r(x-x«)^ 
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with p(x) given as before by 

N+l ^2 



1 (X-X(i))2' 

In order to be able to compare this solution to the solution of the free Weyl 
equation discussed in the previous section, one has to investigate its asymptotic 
behaviour, i.e. its behaviour far away from the instanton. Thus we have to expand 
Myi^'' in powers of 1/r. We shall write M^'^^ as the sum of a 'dipole' and a 
'quadrupole term', "n^l^)^ and ^^)^ respectively, plus higher order contributions. 
It turns out that the first term of this expansion, the dipole term, is of 0{r~^), 
the quadrupole term of 0(r~^). Therefore 

= + + (7.2) 

Defining A as the sum of the weights A^.-j and X as the 'centre of mass' of the 
instanton 

A = A?., and X = (7.3) 

i=l 

the dipole contribution is given by 



m 



1 2A^ 

g). = --s-^- [(^. - ^W.) - 2(x.X - x.x(,))x,] . (7.4) 



If we define 

n^j*-* = 2x.X(j)X^ — and similarly n^^^ = 2x.Xx^ — (7.5) 

we can rewrite Eqn. ()7.4|) as 



1 2Xf 

''(fc)M ~ ^3 ' ^1/2 



= -4 --^-tnW-nf)]. (7.6) 



We find for the quadrupole term 



^{k)^, - ^4 ■ ^1/2 



A 



xj,) +2(x.Xn!f)-x.X(fc)nW) 



+ 3x.X(fip) - nlf)) + 4 x.Xffc^nff) - 



(7.7) 



If one now wants to compare this solution asymptotically to the solution of 
the Weyl equation in the absence of an instanton, one encounters the difficulty 
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that the fields tend asymptotically to a pure gauge rather than to the vacuum, 
which is topologically different. 

It would be desirable to find a gauge in which the fields tend to zero at 
infinity more rapidly than the pure gauge does. Because of the topologically 
different nature of the vacuum and the instanton, there exists no gauge trans- 
formation that is non-singular at all x, relating the vacuum and the instanton. 
However, it turns out that one can find a singular gauge such that A^ is (at 
most) of 0{r~^). An easy estimate then shows that in this singular gauge ip'^j^^^ 
will be — up to and including quadrupole order — not only a solution to the 
Weyl equation in the instanton background but also to the free Weyl equation. 
Note that since the free Weyl equation is homogeneous, i.e. does not mix powers 
of r, the dipole term and the quadrupole term will be independently solutions 
to the free equation. The next task will obviously be to find the desired gauge 
transformations. 

8 Singular gauge transformation 

Under a gauge transformation, A^ transforms as usual as 

A^-^A'^ = UA^U-' - {d^U)U-\ (8.1) 
Expanding of Eqn. (j3.6|) in powers of 1/r we find 

+ 0(^). (8.2) 

If we define U G SU(2) as 

U = x^a^ (8.3) 

we have 

U-^d,U = Z^^R^^ (8.4) 

where is given by U^^ = x^a^. Thus gauge transforming A^ with U as 
defined in Eqn. (I8.3|l cancels out the 1/r contribution to A^. The additional 
gauge transformation required to cancel out the 1/r^ contribution can be found 
as follows. We shall write [/add = I2 + e for the additionally required SU(2) 
gauge transformation, where we assume e to be of 0{r~^). The inverse gauge 
transformation is = I2 — e. Gauge transforming again we have 

A'^-^Al = A'^ + eA'^ - A'^e + eA'^e - d,e{l, - e), (8.5) 

where A'^ denotes the gauge potential gauge transformed by U . Thus, we can 
read off, that the (9(r~^) contribution to A'^ will be cancelled by d^e. Hence, 
if we are able to write the (9(r~^) contribution to A' as the derivative of some 



A,, 



-Xy + 
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function e we will have obtained the required additional gauge transformation. 
Using the fact that 

1 

we find for the (9(r~^) contribution to A' 



= 7;i.(^^iOiy + a^a^) (8.6) 



-2iU = — ) + lL.cx{2x^x^a^, - a^)] 

= g rx.X-(X.c.)(x.a)l_ 

L ^ J 

Thus we find that the additional gauge transformation is given by 

x.X — (X.a)(x.Q;) 

f/add = I2 + ^ -. 8.8 

r 

Defining the self-dual symbols a^y analogously to the anti-self-dual symbols a^i, 

(Jf^u = ^ {0^11^^ - a^a^) (8.9) 

it is easy to see that f/add is indeed an SU(2) gauge transformation, since we may 
write 

x.X - (X.a)(x.a) = -2ia^,^X^Xy, (8.10) 

where we have used 

a^oiy = 2ia^y + 5^y. (8.11) 

Note that the cx^i^'s take their values in the Lie algebra of SU(2) as do the a^yS. 

It is remarkable that the additional gauge transformation depends only on 
the centre of mass X of the instanton. In the centre of mass frame, where X = 
0, the additional gauge transformation is the identity. Thus in this frame the 
quadrupole term is a solution to the free equation even without an additional 
gauge transformation. 

The basic quantity njf-'a^, defined in Eqn. (j7.5|) . gauge transformed by U , is 
given by 

= 2x.X(fc) - (x.Q;)(x(fc).Q;) 

= (x(fc).a)(x.a). (8.12) 

Comparing this to the singular solution discussed previously (Eqn. ()6.13|) ) we 
find that is precisely the matrix occurring there, with the components of 

the vector c determined by the components of the position parameter X(fc) of the 
instanton. 
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We find for the dipole contribution to the fully gauge transformed ip'f 



D 

(k) 



x.q; m 



D 



1 2A2 



(fc) 



r3 Ai/2 



(8.13) 



Note that the dipole contribution tp^^^ will be unaffected by the additional gauge 
transformation f/add- However ip^f^^ yields a contribution to the quadrupole term, 
when one performs the additional gauge transformation f/add- 

The quadrupole contribution t/^^-j to fully gauge transformed by U and 
[/add, is given by 



x.X — (X.a)(x.Q;; r-, 



(8.14) 



2A 



(fc) 



Ai/2 



i 5^ A?,)X.X(,)A^«^ + - + (X.a)(x(,).a) - x 



2 



A A^--^^) 

To derive this we have used 

X.anjf^a^ = 2x.X(fc) A^i^^ - (X.a)(x(fc).a 

and 

(x.Q;)(x.Q;) = x^. 

If we write ip'^i^-^ for the fully gauge transformed ip[k) "we have 



A 



1 



(8.15) 
(8.16) 

(8.17) 



where ip^^ + ip'(k) should be a solution not only to the Dirac equation in the 
instanton background but also to the free equation. That this is indeed the case 
may be verified by considering the solution Eqn. ()6.13p with its pole shifted by 
xq) and with c = X(j), which is obviously still a solution to the free equation. 
This shifted solution has the expansion 



[(x(i).Q:)(x.Q:) - (x(j).Q:)(x(j).Q: 
(x-X(,))4 



= ^3^^'^ + ^ [4x.xa) A-» - (x(,).a)(x(,).a)] + 0(1). 

Note that as usual the dipole and the quadrupole contribution are separately 
solutions to the free equation. One now easily verifies that both the dipole term 
ipQ^-^ and the quadrupole term t/'^^ solve the free equation, since one finds ip^-^ 
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to be a linear combination of terms of the form r and ip9,-. to be a linear 



combination of terms of the form r ^ 



4x.X(j)A/'i*-' - (x(j).Q:)(x(j).Q:) 
Thus we find that the solution to the Dirac equation in the instanton back- 
ground in this singular gauge coincides to appropriate order with a linear combi- 
nation of singular solutions to the free equation as given by Eqn. ()8.18p . In this 
sense the instanton 'washes out' the singularity of this latter solution yielding an 
everywhere nicely behaved particle. 

In the last section we will compare the quaternionic version of Eqn. (j8.18|) . 
given by 



Q{i){Q-(lU)] 



Hi) 



+ 



4x.x 



(i) ^ - Hj) 



1 



(8.19) 



where g(j) = X{i)^e^ and similarly q = £^e^, as well as the asymptotic fields 
V'l^^ in quaternionic notation, to the general quaternionic Laurent expansion. 
Investigating some special N = 2 instantons we will be able to show that the 
constants 6^ occurring in the quaternionic Laurent series reflect the symmetry of 
the underlying instanton configuration. First we will however briefly discuss the 
case of an = 1 instanton. 



9 = 1 instanton in singular gauge 

In the case of an = 1 instanton there exist two linearly dependent solutions 
to the Weyl equation, the sum of which is equal to zero. Thus the two solutions 
differ only in sign. However, the JNR formula for an = 1 instanton is largely 
redundant, whereas the 't Hooft formula yields already the most general A^ = 1 
instanton. As stated previously a JNR A^ = 1 instanton is related to a 't Hooft 
A^ = 1 instanton via a gauge transformation. Explicitly (see [7]), consider a JNR 
instanton with potential 

n = ^(^) + (9 1) 

^ (X-X(,))2 + (X-X(,))2 ^'-'^ 

and a 't Hooft instanton with potential 

P'tHooft = 1 + 7 (9.2) 

(X-X(0))2 

where 

A^,)X(2) + A^,)X(i) 
X(o) = (9.3) 

and 

X2 _ ^(1)^(2) , ^ ^ |2 (QA\ 
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The JNR = 1 instanton may then be obtained from the 't Hooft = 1 
instanton by conjugating with the SU(2) matrix 

Uo = a„ (9.5) 

|X(2) -X(i)| 

or vice versa by conjugating with the inverse of Uq. This can be verified by 
calculating the gauge transform of the asymptotic field ^'[k), k = 1,2, given by 
Eqn. ()8.17|1 . with the gauge transformation given by Uq^. Thus one finds the 
solution to the Weyl equation in the background of the JNR = 1 instanton to 
be gauge equivalent to the solution to the Weyl equation in the background of 
the 't Hooft = 1 instanton. The latter solution is given by 

,/,' L9\2 (a^M ~ ^io)^J.)o^^M 

^'tHooft - ± -^^(0) ly-oj 

|X-X(0)| (^(x-X(o))2 + A2q^ 

However, it is a well-known fact ^ that the JNR A^ = 1 instanton and the 't 
Hooft A^ = 1 instanton are not only related by a gauge transformation but also 
by a limiting process. Taking the JNR scalar potential 

N+l \2 
i=l ^ 



X(i) 



\2 



the 't Hooft scalar potential 

N ^2 



p(x) = l + ^ 



(i) 



i=l 



X 



\2 



may be regained in the limit |x(Ar+i)| — >• oo, — > oo with A^^_,_j^^/|x(iv+i)| — >• 
1. Similarly one may obtain 't Hooft's solution to the Weyl equation in the 
presence of an A^ = 1 instanton, Eqn. ()9.6|) . via the same limiting process from 
Grossman's solution, given by Eqn. ()4.10p . to the Weyl equation in the back- 
ground of a JNR A^ = 1 instanton. Thus the formula 

- n^^^ 8 ( '^'tHooft ) ^ L _ 1 2 (0 7) 

\ P'tHooft / 



with 

, (1) _ ^(0) , (2) _ . 

V^'tHooft ~ ^ \2' '^'tHooft ~ 

IX - X(o)j 

and with p'tHooft given by Eqn. ()9.2|) . will yield precisely 't Hooft's solution as 
stated in Eqn. (19.61) . Expanding Eqn. ()9.fij) we have 

A„o.. - ±2A?o, + lifMMjZ^) + 0(1). (9.9) 
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Comparing this to Eqn. (jS.lSj) . one finds that the expansion of 't Hooft's solu- 
tion agrees with the expansion of the singular solution with shifted pole apart 
from a constant gauge transformation. Note that if one includes this rigid gauge 
transformation in the solution, the 't Hooft = 1 instanton is characterised 
by eight rather than by five parameters. By comparison, if we ignore an overall 
multiplicative real constant, the number of parameters in Eqn. ()8.18|) is seven 
in total, when the additional rigid gauge transformation is included. Thus the 
dipole and quadrupole term together almost determine the background = 1 
instanton but not completely. 

It will be generally convenient to include the three parameters arising from 
rigid gauge transformations into the number of parameters characterising an in- 
stanton, though they are not of physical significance. One then finds, that the 
general AHDM A^-instanton is characterised by 8A^ parameters, the JNR A^ in- 
stanton by 5A^ + 7 and the 't Hooft A^ instanton by 5A^ + 3. 



10 N = 2 instantons and interpretation of con- 
stants 

We shall now investigate the dipole and quadrupole term of the quaternionic 
Laurent expansion a bit further. As stated previously, the dipole term of this 
series, given by Eqn. ()6.15p is characterised by one constant Cq which is the 
quaternionic analogue of a residue. However, the next term of the expansion, the 
quadrupole term, is instead characterised by three constants, the interpretation 
of which is less clear. The quadrupole term of the Laurent series is given by 

3 

Q = J2bAG{q) (10.1) 

i=l 

with the bi given by Eqn. ()5.28p . Calculating the derivative of G{q) with respect 
to di explicitly we find 



_ei_ 4g , 



(10.2) 



Notice that only derivatives with respect to the spatial coordinates Xj occur, since 
the derivative of G{q) with respect to the time coordinate Xq is determined via 
the Cauchy-Riemann-Fueter equation, once the spatial derivatives are known. 
However, this explicitly breaks the symmetry between the time coordinate and 
the spatial coordinates. Setting 

bod -bi = bi with b^eU (10.3) 
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we may restore this symmetry in the equations. We then find for the quadrupole 
term 



Q 



3 

E 

1=1 



+ 



Aq 



- 


bo- 






Q 


4 



+ 



4 


E/^=0 ^/i^M 







(10.4) 



where we have used ELi ■ q = 1 — xoq to derive the last fine. We may 
simphfy notation further assuming the 6^'s to be the components of some quater- 



nionic valued vector b and writing bq 
respectively. We then have 



^0 + Ej=i biCi and bq = bo - Ei=i het 



111 m 



(10.5) 



However, one should note that this notation is somewhat misleading, since the 
components 6^ of bq are themselves quaternions. Therefore bg will in general 
not be the quaternionic conjugate of bq. Nevertheless this notation proves to 
be useful, as can be seen directly when comparing Eqn. p0.5|) to the 0{r~^) 
contribution to Eqn. ()8.19j) . These two expressions have a functionally similar 
form, which will allow us to read off the constants 6^ for the quadrupole term of 
some specific instanton configuration. 

Sometimes we will however use a slightly different notation. Since the 6^ are 
themselves quaternions we may write 



b^, = b^yCy with b^y e R. 
We then have for Eqn. (|10.5p 



111 111 



(10.6) 



(10.7) 



This notation will prove especially useful when investigating the symmetry prop- 
erties of the solution to the Dirac equation in the instanton background. 

Note that the number of parameters occurring in the Laurent series up to 
quadrupole order is 15, ignoring an overall multiplicative real constant, but in- 
cluding rigid gauge transformations. This should be compared with 16 parame- 
ters describing an = 2 instanton if one includes rigid gauge transformations. 
Hence, as in the = 1 instanton case, the dipole and the quadrupole term to- 
gether almost determine the background instanton but not completely. In the 
remainder we will show that the parameters 6^ are related to the symmetry of 
the underlying two-instanton configuration. 



20 



10. = 2 instantons and interpretation of constants 



21 




Figure 1: The circle and the elhpse associated with a = 2 instanton in 
and one member of the porism of triangles with vertices X(i) , X(2) and X(3) on the 
circle and tangent to the ellipse at a(i), a(2) and a(3). 



With each N = 2 instanton in there is an associated pair of a circle 
and an ellipse, which satisfies the Poncelet condition, which means that there is 
a porism (or one-parameter family) of triangles with vertices on the circle and 
tangent to the ellipse, see Fig. [T] In fact, if one such triangle exists then there is 
automatically a porism of triangles and any point on the circle may be a vertex. 
From this geometrical data one may reconstruct the instanton fields in JNR form 
(see [Z|), by choosing one triangle of the porism with vertices X(i), X(2) and X(3) 
on the circle, and tangent to the ellipse at a(i), a(2) and a(3). Then define weights 
A/,w A?2i and A/ox up to a common multiple, by 



(1)' '\2) ^^3) 

^'^^ - etc. (10.^ 



^?2) ^(3) X(2) ' 



The JNR potential is then given by 



X2 



X 



(i) 



|2 



(10.9) 



If another triangle of the porism is chosen, then a different expression for the 
scalar potential p is obtained, but the instanton will change only by a gauge 
transformation. This corresponds to the gauge invariance noted by Jackiw, Nohl 
and Rebbi, that moving the vertices around the circle will change the instanton 
only by a gauge transformation. 

As the first example we will consider the limiting case of an = 2 instanton, 
where X(i), X(2) and X(3) are coUinear, with X(i) = and X(2) = —^(3), as shown in 
Fig. El Notice that in this limiting case the associated ellipse becomes degenerate. 
The scale parameters A^^-j are given by A^-,^^ = A^ and A^2) = -^(s) = /^^- Thus the 
centre of mass is X = 0, and the sum of the weights is given by A = A^ + 2/i^. 
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X{2) = -X(3) 
X 



X(i) = 

X 



X(3) 
—X 



Figure 2: The three vertices associated with an = 2 instanton in are chosen 
to be colhnear. This is the hmiting case of a general N = 2 instanton in R^, for 
which the three vertices he on a circle. 



There are three solutions i^^^y whose dipole and the quadrupole terms are 
given by Eqn. ()8.1Hj) and Eqn. ()8.14j) . respectively. However, since ip'^^-^ + ip'^^^) + 
V^(3) ~ these three solutions are linearly dependent. Thus it is convenient to 
consider suitable linear combinations, which we will choose to reflect the symme- 
try of the instanton. These will be given by 



^(a) = ^(2) - ^(3) and V'(fe) = ^(1)- 
We then find for the expansion of ip'^^-^ 

4) = -^4A/-f +0(1). 



(10.10) 



;io.ii) 



Here we have used that since A/"]^^ = (x(fc).a)(x.a) and X(3) = — X(2), therefore 

Notice that the quadrupole contribution to tp'^^^^ vanishes. For 
ip'f^f^-j we find instead 

1 2AV 



A3/2 



-8x.X(2)A/'i2) + 2x; 



(2) 



Ol- 



io. 12) 



Here the dipole contribution is equal to zero. Notice that ip[b) can be written as 
the sum of two shifted dipoles, namely 



2AV 

' A3/2 



b) 



(x(2).Q:)(x.q: - X(2).Q:) (x(3).a)(x.Q! - X(3).Q:) 

/ \ A / \ A 



(10.13) 



This will give the correct expansion of at least up to quadrupole order. In 
contrast, ip'^^^-^ can be interpreted as a pure dipole at X(i) = 0. 
We have for t/'^^^, t/'^^, respectively, in quaternionic notation 



4A V [-4x.X(2)| + g(2)] 



(10.14) 
(10.15) 
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Now we are able to read off the constants characterising the quadrupole term 
of the quaternionic Laurent series. For ip'f^^^^, 

or in terms of 6^,^ 

V = 'JW' ■ ^(2)m^(2)!^- (10.17) 

One easily checks that this gives also the correct constant contribution to the 
quadrupole term. For t/^^^-j the are all zero as there is no quadrupole term. 

The constant g(2) can be interpreted as the residue of ip'^^y Notice that, if one 
chooses the vertices to lie on some particular axis, say the only one of 

the parameters is not equal to zero, namely 6^, which is proportional to e^. 

This nicely reflects the symmetry of the configuration of vertices, if one as- 
sumes a generic quaternion q = xq + XiCi to be invariant under the following 
(generalised) rotations of R'^. Consider for example a rotation of R^, which 
means Xi — > Rij^j with R G SO (3). Note that the quaternionic basis vectors 
are in a sense arbitrary, since one may take linear combinations of them leading 
to an equivalent description of H. If we identify the space spanned by Cj with 
the space spanned by -Rj-jCj, the map of into the space of the pure quaternions 
with xo = is spherically symmetric under the orthogonal transformation R, 
since then q = XiCi i— > g = RijXj ■ Cj = Xj ■ R^j^ei = XjCj = xjCj. In other words, 
under such transformations the generic quaternion q will be invariant. 

For example, the general dipole term of the Laurent expansion Ljj will under 
a rotation Xi i— >■ RijXj with R e SO (3) transform as 

Ld = (co + Ciei) ■ (co + CiRjiCj) ■ ^° ^J^^'^' = (cq + CiRjiCj) ■ (10.18) 

If we write the product of two basic quaternions 

CiCj = -5ij + eij-fcCfc (10.19) 
in terms of the new basis we find (since det(i?) = 1) 

^i^j Rmi^m-^nj^n ^ij ~t~ det(-/?) (^ijn-^mn^m ^ij ~t~ ^ijn^ri' (10.20) 

We are now in the position to investigate the symmetry properties under 
rotations of solutions ip'^^^-^ and ip'^^y Eqn. ()10.14|1 and Eqn. ()10.15|1 . respectively. 
Choosing for example the vertices in the above example to lie on the xo-axis, 
the background instanton is spherically symmetric in the spatial directions. But 
under a spatial rotation in the above sense also ^/'l^-j remains invariant as does 

t/'I^-) . Thus ?/'|^-) and ip'^^^-^ show the same symmetry properties as the background. 
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As the next example we will consider an instanton, where X(i), X(2) and X(3) 



sma 



— |(sina; — v^cosa) 



(3) 



(X(i) +X(2), 



lie at the vertices of an equilateral triangle, such that ^ X(j) = 0, x^.^ = 1 and 
where the weights are all equal, A^^-j = A^. For definiteness we shall assume that 
the triangle lies in the (xi, X2) plane, see Fig. El We have 

/ \ / \ 

cos a — -^(cosa 
sm a 

V / V / 

(10.21) 

Here we have explicitly accounted for the fact that moving the vertices around 
the circle corresponds to a gauge transformation. Thus all configurations arising 
from different values of a in Eqn. 1)10.211) are related via gauge transformations. 
Here again we shall consider suitable linear combinations of the three linearly 
dependent solutions ^|^-), respectively 

2A 



V3 
4 



+ Wll (-2x.X(2)g(2) + x.X(i)g(i) - x.X(i)g(2) - x.X(2)g(i)) 



+ 



3|g 
2A 

4 



(3) - - 
+ 

These are 



3|g| 

2A 

Ts 

4 
3|g| 



(-2x.X(i)g(i) + x.X(2)g(2) - x.X(i)g(2) - x.X(2)g(i)) 

_ g(2) + 9(1) 

(x.X(i)g(i) + x.X(2)g(2) + 2(x.X(i)g(2) + x.X(2)g(i))) 



10.22) 
10.23) 
(10.24) 

1^1 



with u = exp (^) = 
useful to notice that 



i^(a) = ^|i)+u;V^|2) + ^^'^(3) (10.25) 
^(fe) = V'(i) +t^^V^(2) +^^^(3) (10.26) 
1(1 — v^^)- To calculate these linear combinations it is 



We then find 



= zexp {-ka), q^2) = wg(i), 5(3) = w^g(i)- 



m 

2^3 A 



exp {2ka) ■ {-ixi + jx2) ■ q + 



■ exp (ka) - i ■ q + 0{----) 



(10.27) 

(10.28) 
(10.29) 
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Figure 3: The Poncelet pair of two concentric circles associated with the circularly 
symmetric N = 2 instanton and one member of the porism of triangles with 
vertices on the outer circle and tangent to the inner circle. 



V'(a) is a pure quadrupole and V'(fe) is a pure dipole with no quadrupole. The left- 
multiplicative factors exp {2ka) and exp (ka), respectively, nicely reflect the fact 
that moving the vertices around the circle corresponds to a gauge transformation. 
We can now read off the constants 6^ from Setting a = from now on, we 



have 



/0\ 

J 



;io.3o) 



or in terms of b 



( 



\ 











1 





(10.31) 



Since the gauge invariant data of this instanton configuration is given by the 
Poncelet pair of two concentric circles jT2I as shown in Fig. El we have circular 
symmetry in the (xi, X2) plane. As in our previous example the solutions 
and 'i){b), Eqn. ()10.28|) and Eqn. ()10.29|1 . respectively, exhibit the same symmetry 
properties as the background. Thus if 



Xi 



RijXj with 



we find that 



COS (3 — sin /? 
-R = I sin /? cos (3 
1 



exp {-2k(3) ■ tp^a) 
exp {-k(3) ■ ipib). 



(10.32) 



(10.33) 
(10.34) 
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Hence, under rotations ilj(^a) and ■?/'(;,) are invariant up to a gauge transformation. 

Note that the Weyl equation is not invariant under reflections. Yet the back- 
ground instanton is invariant under reflections in the (xi, X2) plane, and also 
under the reflection X3 1— >■ — X3. In order to show that the spinor solutions re- 
spect this symmetry, we will make use of the fact that two successive reflections 
correspond to a rotation. We will therefore combine a reflection, say Xi ^ —Xi, 
with the reflection X3 1-^ —x^. The combination of these is the 180° rotation 



Xi ^ RijXj, with 



R 




We find for the transformation of ip(^a) and 'ip(b), respectively. 



;i0.35) 



(10.36) 
(10.37) 



Hence, under this combination of reflections we find ipia) and to be invariant 
up to a gauge transformation. Similarly, there is invariance for any reflection axis 
in the (xi, X2) plane. 

So far we have only investigated two highly symmetric N = 2 instantons. As 
the final example we want to discuss the case where the circle and ellipse, the 
gauge invariant data of an = 2 instanton, are concentric, see Fig. 0] Note that 
the moduli space associated with a general N = 2 instanton is — excluding rigid 
gauge transformations — a 13-dimensional manifold whereas the orbits of the 
conformal group are 12-dimensional. After quotienting out the latter a general 
N = 2 instanton is described by only one free parameter. Indeed it may be 
proved that any N = 2 instanton is conformally related to an instanton of which 
the gauge invariant data is given by the Poncelet pair of a concentric circle and 
ellipse, the one free parameter being the eccentricity a/6 of the ellipse. In this 
sense an A^ = 2 instanton with associated concentric circle and ellipse is the most 
general one. 

Suppose, in Fig. HI the radius of the circle is i? = 1. A porism of triangles 
with vertices on the circle and tangent to the ellipse exists if and only if a + b = R. 
For simplicity we will explicitly choose one member of the porism of triangles, 
such that X(i), X(2) and X(3) are given by 



X 



(1) 



M 

1 




X(2) 



/ \ 

—a 

Vl — a 

V / 



^(3) 



v 







Vi — 





10.38) 



The weights associated with the vertices may be calculated using Eqn. ()10.8|1 
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Figure 4: The Poncelet pair of a concentric circle and ellipse associated with the 
general N = 2 instanton and one member of the porism of triangles with vertices 
on the circle and tangent to the ellipse. 



.2 



Scaling the weights such that A^^-, 

^(2) — ^(3) — 



1, we find for A^2), A^g^, respectively 



a 
b' 



;i0.39) 



Again we find suitable linear combinations of the three dependent solutions V^^fc), 
k = 1,2,3, such that the two resulting solutions form a natural basis of the 
solution space. The expressions for are similar to Eqns. ()10.22p . ()10.23|) . 
fll0.24|) but a bit more elaborate. The linear combinations are 



(10.40) 
(10.41) 



where A = We find that ip^A) is again a pure quadrupole, and ipi^B) is a pure 
dipole. They are, respectively 

^(A) = j^^-^-[4{-zax,+jbx2)-q+{b-a)]+0{j^) (10.42) 
1 8a . 1 . 



fq + 0{- 



m vA " '\q\ 

It is now easy to read off that the constants b^ associated with ip(^A) are 

/ \ 

^ _ 8a —ia 
AV2 jb 

\ / 



(10.43) 



10.44) 
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10. N = 2 inst anions and interpretation of constants 



and thus 





/o 








o\ 


8a 





—a 








AV2 








b 







\o 








0/ 



;i0.45) 



In this example the background field exhibits just a 180° rotational symmetry in 
the {xi, X2) plane and two refiection symmetries, namely under the transforma- 
tions Xi ^ —Xi and X2 ^ ~X2, respectively. Under the 180° rotation in the {xi, 
X2) plane we find for the transformation of tp(^A) and ip(B), respectively 



(10.46) 
(10.47) 



Investigating the symmetry properties of the two solutions under refiections we 
encounter the same problem as in the case of the circularly symmetric instanton, 
namely that the Weyl equation itself is not invariant under refiections. However 
we may tackle this problem in exactly the same way as before. We will therefore 
consider the transformation of and iIj(^b) under the following two rotations, 
which are each combinations of two refiections: 



Xi I— i> RijXj with R 




(10.48) 



and 



Xi 1-^ RijXj with R 




(10.49) 



Thus, the first rotation consists of the combined refiections xi i— > —xi and X3 1-^ 
— X3, whereas the second consists of the combined refiections X2 t— > —X2 and 
X3 I— > — X3. We find for the transformation of ip(^A) and -0(5) under the rotation 
given by Eqn. 1)10.48;) 



Ab) 



(10.50) 
(10.51) 



and under the rotation given by Eqn. ()10.49j) 



Ab) 



Ab)- 



;i0.52) 
;i0.53) 



Note that again the two solutions respect the symmetry properties of the back- 
ground instanton. 
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11. Conclusion 
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11 Conclusion 

We have seen that a non-trivial solution to the free Weyl equation in Euclidean 
four-space, which is bounded at infinity, necessarily exhibits a singularity at one 
point at least. In the simplest case such a solution is in quaternionic notation 
given by 

and thus parameterised by two quaternionic constants, and bg, respectively. 
Here is the quaternionic analogue of a residue and as such it may be interpreted 
as the 'spinorial charge' of the spinor wave function. The spinor carrying this 
spinorial charge is clearly localised around bg, bg being the position parameter of 

Solutions to the Weyl equation in the background of an arbitrary JNR A^- 
instanton, however, are normalisable and regular in the whole of Euclidean four- 
space j3]. Comparing the asymptotic behaviour of these solutions with the asymp- 
totic behaviour of the singular solution to the free Weyl equation we found that 
the former solutions can be written up to order as linear combinations 

of the latter. In this sense the introduction of the instanton gauge field results 
in a delocalisation of the spinor. Investigating some special N = 2 instantons we 
were able to show that the parameters describing this delocalised spinor reflect 
the geometry of the underlying instanton configuration. 
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